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1 Introduction

The K → π`ν (K`3) and P → `ν (P`2) decays, where P = π,K and ` = e, µ, boast one

of the most precise data bases in hadronic weak decays [1–4]. The hadronic form factors

necessary to describe these processes are flagship quantities for lattice QCD (LQCD) and

the theoretical accuracy at which they are calculated is now below the percent level (relative
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uncertainty) [5, 6]. Much work has also been done in Chiral Perturbation Theory (ChPT)

and using dispersive methods to understand analytically low-energy theorems and small

contributions to the decay rates such as isospin breaking and the electromagnetic radiative

corrections [7–21]. This makes P`2 and K`3 ideal flavor benchmarks to test the Cabibbo-

Kobayashi-Maskawa (CKM) structure in the Standard Model (SM) and to search for new

physics (NP). In fact, a systematic search of NP effects in (semi)leptonic kaon decays is

particularly interesting at the moment as several anomalies have been recently reported in

flavor observables such as B decay rates [22–29] or KK̄ mixing [30].

An optimal tool to perform such analysis is that of Effective Field Theory (EFT),

which allows us to test the SM in a model-independent way. In fact, in addition to studies

within specific NP scenarios [1, 2, 31–37], the EFT language has been introduced [1, 2, 38].

However, an EFT approach has not been used yet for global studies of the s→ u transitions

beyond the U(3)5-symmetric limit1 where the only NP probe is the CKM unitarity test,

given by precise determinations of |Vus| and |Vud| [38]. Notice the difference with the d→ u

decays, where global EFT fits have been performed by various groups [39–41].

In this paper we amend these limitations, giving the natural next step in the analysis

of (semi)leptonic kaon decays:

• We do not assume any flavor symmetry, generalizing in this way the phenomenological

EFT analysis performed in the U(3)5-symmetric limit in ref. [38].

• We keep all operators at the same time. Notice that non-trivial correlations are possi-

ble, not only between NP Wilson coefficients (WC) but also involving QCD parame-

ters that are extracted phenomenologically. This generalizes previous works [1, 2, 32],

which are covered by our study as specific cases, as we will explicitly show.

• We investigate the complementarity with nuclear, neutron and hyperon β decays,

which are driven by the same underlying D → u`ν transition (D = s, d).

• We provide numerical bounds for the WC. They are to be confirmed by the experi-

mental collaborations taking into account certain correlations not publicly available.

• We match with the so-called SMEFT, i.e. the EFT of the SM at the electroweak (EW)

scale, with a linear realization of the electroweak symmetry breaking [42]. This makes

possible to study the interplay with high-energy searches, as it was done in ref. [38]

in the limit of the flavor symmetry U(3)5. Notice that these flavor-physics studies are

fairly clean probes of a small number of WC (compared with searches in colliders).

Thus, an interesting degree of complementarity is expected.

Let us stress that our analysis includes the SM limit as a specific case. In fact our

output are not only the bounds on the various WC, but also the Vus and Vud CKM matrix

elements, and includes various QCD form factors parameters. In the SM limit we recover

1U(3)5 refers to the flavor symmetry of the SM gauge Lagrangian, i.e. the freedom to perform U(3)

rotations in family space for each of the five fermionic gauge multiplets: QL = (uL, dL), uR, dR, LL =

(νL, eL), eR.
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the most precise of them [2, 43], with small improvements due to the inclusion of the

individual rate of Kµ2 as a separate input and the Callan-Treiman theorem.

The outline of the paper is the following. In section 2 we briefly introduce the EFT

framework, which we use in section 3 to analyze the channels K → π`ν, P → `ν (P =

K,π) and baryon β decays. This section contains all the relevant formulas, expressing

our observables in terms of the parameters of our fit. Section 4 describes how to analyze

experimental data with all WC present simultaneously. Section 5 describe the numerical

aspects of our analysis and the results of our fit. Then, section 6 contains the running of

our bounds to the EW scale, the translation to the SMEFT WC and a brief comparison

with LHC searches. Finally, in section 7 we conclude.

2 The low-energy effective Lagrangian

The low-scale O(1 GeV) effective Lagrangian for D → u transitions (D = s, d) is [38]:

Leff = −
G

(0)
F VuD√

2

∑
`=e,µ

[(
1 + εD`L

)
¯̀γµ(1− γ5)ν` · ūγµ(1− γ5)D

+εD`R
¯̀γµ(1− γ5)ν` ūγ

µ(1 + γ5)D + ¯̀(1− γ5)ν` · ū
[
εD`S − εD`P γ5

]
D

+εD`T
¯̀σµν(1− γ5)ν` · ūσµν(1− γ5)D

]
+ h.c., (2.1)

where we use σµν = i [γµ, γν ]/2 and G
(0)
F ≡

√
2g2/(8M2

W ) is the tree-level definition of the

Fermi constant. The latter is obtained from muon decay, which can be also affected by NP

effects entering through the normalization of the µ→ eνµν̄e effective vertex [38]:

Gµ = G
(0)
F

(
1 +

δGF
GF

)
. (2.2)

In the derivation of the effective Lagrangian in eq. (2.1) we have assumed that poten-

tial right-handed neutrino fields (sterile with respect to the SM gauge group) are heavy

compared to the low-energy scale.2 We focus on CP -even observables, and therefore only

the real parts of the WC will interfere with the SM. For the sake of brevity we will write

simply εi instead of Re(εi) hereafter.

The εD`i coefficients carry a ∼ v2/Λ2 dependence on the NP scale Λ and in the SM

they vanish leaving the V − A structure generated by the exchange of a W boson. If the

NP is coming from dynamics at Λ � v and electro-weak symmetry breaking is linearly

realized, then one can use an SU(2)L×U(1)Y invariant effective theory [38, 42, 44, 45]. In

this case [32, 38, 46]:

εDeR = εDµR +O(v4/Λ4) ≡ εDR , (2.3)

so that, up to a subleading corrections in the EFT expansion, a NP effect involving a right-

handed current necessarily involves a Higgs-current fermion-current operator [42] and its

contribution must be lepton universal.

2Let us notice that the inclusion of operators with right-handed neutrinos is not expected to affect our

results, as they do not interfere with the SM amplitude and thus contribute at O(ε2i ) to the observables.
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Taking into account the points above, and working to linear order in the NP couplings,

we can re-express the Lagrangian (2.1) as [47]:

Leff = −
GF Ṽ

`
uD√
2

[
¯̀γµ(1− γ5)ν` · ū

[
γµ −

(
1− 2εDR

)
γµγ5

]
D (2.4)

+¯̀(1− γ5)ν` · ū
[
εD`S − εD`P γ5

]
D + εD`T

¯̀σµν(1− γ5)ν` · ūσµν(1− γ5)D

]
+O(ε2) + h.c.,

where

Ṽ `
uD =

(
1 + εD`L + εDR −

δGF
GF

)
VuD . (2.5)

In addition to Ṽ e
ud and Ṽ e

us, we have a total of 16 (combinations of) WC describing the

NP modifications to the charged-current decays D → u`ν in the SM. The form of the

Lagrangian is convenient as it allows to separate the effects of a combination of current-

current operators affecting the normalization of the rates and which can be only accessed

through CKM-unitarity and lepton-universality tests.

2.1 Renormalization and scale running of the Wilson coefficients

The WC display renormalization-scale dependence that is to be canceled in the observables

by the opposite dependence in the quantum corrections to the matrix elements of the

decays. For instance in QCD we have, at one loop:

εD`i (µ) =

(
αs(µ)

αs(Λ)

)− γi
β0

εD`i (Λ), (2.6)

where αs is the strong structure constant, β0 = 11−2/3Nf is the one-loop QCD β-function

coefficient for Nf dynamical quark flavors, and γL,R = 0, γS,P = −4 and γT = 4/3 are the

one-loop coefficients of the corresponding anomalous dimensions.3

One can also consider the renormalization of the effective operators with respect to

electroweak corrections. Although they are very small, they are important for the accuracy

of the SM predictions [48, 49], and they induce mixing among certain NP operators that

can have interesting phenomenological consequences [50–53]. In our case it is important to

take into account the mixing they induce between the (pseudo)scalar and tensor operators,

since π`2 and K`2 set very strong bounds on the pseudoscalar couplings. Expressing the

results obtained in ref. [52] in terms of the WC ~ε(µ) = (εD`S (µ), εD`P (µ), εD`T (µ)) we obtain:

d~ε(µ)

d log µ
=

α

2π
γew ~ε(µ), (2.7)

where

γew =


− 3

2s2w
− 113

36c2w
− 5

12c2w
3

(
3
s2w

+ 5
c2w

)
− 5

12c2w
− 3

2s2w
− 113

36c2w
3

(
3
s2w

+ 5
c2w

)
1
32

(
3
s2w

+ 5
c2w

)
1
32

(
3
s2w

+ 5
c2w

)
− 3
s2w
− 103

36c2w

 , (2.8)

where α is the electromagnetic structure constant, s2
w = sin2 θW and c2

w = cos2 θW .

3In our conventions, at one loop we have dεi
d log µ

= γi
αs
2π
εi and dαs

d log µ
= −β0 α

2
s

2π
.

– 4 –



J
H
E
P
1
2
(
2
0
1
6
)
0
5
2

3 Decay observables

In this section we calculate the various observables relevant for our analysis in terms of the

low-energy WC εi. All the calculations are performed at tree level and the only loop effect

taken into account will be the (log-enhanced) running of the Wilson Coefficients described

in the previous section.

Nonetheless, it is interesting to notice that our expressions are actually valid at any

loop order if the εi couplings were defined at the amplitude level for each channel (see

ref. [54] for a similar description of Higgs decays). The matching to the low-energy EFT

can then later performed at any desired order. Since here we match at tree level we do not

make this distinction.

3.1 π`2(γ) and K`2(γ)

The photon-inclusive4 decay rates are given by

ΓP`2(γ) =
G2
F |Ṽ `

uD|2 f2
P±

8π
mP± m2

`

(
1−

m2
`

m2
P±

)2 (
1 + δP`em

) (
1 + ∆P

`2

)
, (3.1)

where D = d, s for P = π, K respectively, fP± is the QCD semileptonic decay constant of

P±, δP`em is the corresponding electromagnetic correction and ∆P
`2 contains the NP correction

not absorbed in Ṽ `
uD.

The electromagnetic corrections are given by [16, 17, 49, 55]

1 + δP`em = Sew

{
1 +

α

π

[
F (m2

`/m
2
P ) +

3

2
log

mP

mρ
− cP1

]}
+O(e2p4), (3.2)

where α is the structure constant, Sew = 1.0232(3) [49] encodes universal short distance

corrections to the semileptonic transitions in the SM at µ = mρ and F (z) describes the

leading universal long-distance radiative corrections to a point-like meson [48, 49]. The

constant cP1 encodes hadronic structure effects that can be calculated in Chiral Perturbation

Theory [15–17]. These corrections are at the 1−3% level with an uncertainty quite smaller

than the current one of fP .

The NP contribution enters at tree level from the Lagrangian in eq. (2.4):

∆P
`2 =

∣∣∣∣1− 2εDR −
m2
P±

m` (mD +mu)
εD`P

∣∣∣∣2 − 1

= −4εDR −
2m2

P±

m` (mD +mu)
εD`P +O(v4/Λ4), (3.3)

where in the second line we have linearized in the WC by expanding up to leading order

in the EFT expansion. A very important feature of P`2 is its high sensitivity to pseu-

doscalar contributions because they lift the chiral suppression of the SM. This appears

in eqs. (3.1), (3.3) in the coefficients of εD`P which are multiplied by the inverse of the

lepton masses. Besides that, partial conservation of the axial current (PCAC) implies the

4Depending on the channel it might be more convenient (experimentally) to define this rate as fully

photon-inclusive (P = π case) or to include only the “internal-bremsstrahlung” contribution (P = K case).
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appearance of the quark masses also in the denominators, although always in combination

with the meson masses squared in the numerator. Note that the latter combination can

be re-expressed using the Gell-Mann-Renner-Oakes equations as m2
P /(mu + mD) ' B0,

which is a nonperturbative parameter that is related to the quark condensate and the pion

semileptonic decay constant, B0(µ = 2 GeV) = −2〈ūu〉/f2
π ' 2.5 GeV. Hence, the contri-

butions from the pseudoscalar operators to the electronic (muonic) mode are enhanced by a

factor ∼ 5000 (∼ 25) with respect to the SM. This means that the linearization performed

in eq. (3.3) is only valid for very small values of the WC εi. We will assume this is the case

in the initial numerical analysis, and, afterwards, we will discuss how the limits are relaxed

once we take into account the very narrow region in the parameter space where quadratic

corrections dominate.

The theoretical uncertainty in the SM prediction of these decays can be minimized

by taking convenient ratios among the four possible (CP-averaged) channels. The lepton-

universality ratios RP = Γ(Pe2(γ))/Γ(Pµ2(γ)) have been very accurately predicted in the SM

because the decay constants fP± cancel exactly in the ratio and the radiative corrections

are known up to order O(e2p4) because the constant cP1 disappears from δPeem−δ
Pµ
em [16, 17].

The dependence on the NP coefficients of RP is:

RP
RP |SM

≡
|Ṽ e
uD|2

|Ṽ µ
uD|2

(
1 + ∆P

e2/µ2

)
(3.4)

=
|Ṽ e
uD|2

|Ṽ µ
uD|2

(
1− 2B0

(
εDeP
me
−
εDµP
mµ

))
+O(v4/Λ4) (3.5)

= 1 + 2
(
εDeL − ε

Dµ
L

)
− 2B0

(
εDeP
me
−
εDµP
mµ

)
+O(v4/Λ4). (3.6)

Note that the dependence on NP right-handed currents completely disappears at this order

as a consequence of eq. (2.3). It is convenient to define ∆D
L = εDµL −εDeL , as this combination

of WC will appear several times in our analysis.

The ratio R` = Γ(K`2(γ))/Γ(π`2(γ)) is interesting because fK/fπ [5] is calculated in

the lattice more accurately than the decay constants separately and the combination of

radiative corrections entering is independent of the low-energy constants in the hadron-

structure functions cP1 at O(e2 p2) [21]. From this ratio one can obtain

R` →
|Ṽ `
us|2 f2

K±

|Ṽ `
ud|2 f2

π±

(
1 + ∆

K/π
`2

)
(3.7)

=
|Ṽ `
us|2 f2

K±

|Ṽ `
ud|2 f2

π±

(
1− 4(εsR − εdR)− 2B0

m`

(
εs`P − εd`P

))
+O(v4/Λ4) (3.8)

Notice that R` is not only sensitive to the NP-modified CKM elements |Ṽ `
us|/|Ṽ `

ud| but also,

and independently, to the right-handed or pseudoscalar operators. Last, we note that this

result is in agreement with ref. [1] (eq. 2.37).5

5The relation between their WC and ours is the following: cVLL = −1 − ε∗L, cVRL = −ε∗R, cSRR = −(ε∗S +

ε∗P )/2, cSLR = −(ε∗S − ε∗P )/2 and cTRR = −ε∗T (flavor indexes implicit). The remaining coefficients are zero in

our EFT since they involve operators with right-handed neutrinos.
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3.2 P`2γ

For the sake of completeness we discuss now briefly radiative pion and kaon decays, P →
`νγ (P`2γ), as NP probes. In addition to the QED correction (internal-bremsstrahlung)

to the P → `ν decay, we have the so-called “structure-dependent” terms which can be

extracted separately from experiment [56–58]; in the SM they depend on P → γ hadronic

form factors and some of them are not chirally suppressed [3, 59]. The interest of P`2γ in the

context of NP is that their kinematic distributions are sensitive to the tensor operator [60,

61], which enter with new form factors [62] (q = p− k):

〈γ(k, ε)|ūσµνγ5D|P−(p)〉 =
e

2
FPT (q2) (εµkν − ενkµ)

+GPT (q2) [ε · p (pµkν − pνkµ) + q · p (εµpν − ενpµ)] , (3.9)

although GPT is kinematically suppressed in the amplitude and can be neglected in first

approximation. In fact, the PIBETA collaboration has obtained a stringent constraint on

these contributions in πe2γ [57] that, using the calculation of F πT obtained in ref. [62], leads

to the bound [47]:

−1.2× 10−3 ≤ εdeT ≤ 1.36× 10−3 (90% C.L.). (3.10)

Similar experimental analyses have not been performed with πµ2γ or K`2γ yet, where the

experimental precision is not so high. Calculations of the kaon tensor form factors are also

lacking, while the muonic channels are expected to be less sensitive to tensor interactions,

as they are dominated by the internal-bremsstrahlung part.

Finally, the structure-dependent terms also depend on the vector and axial D → u`ν

currents (e.g. the SM) and, therefore, on |Ṽ `
uD| and εDR . However, in order to provide

competitive values for these quantities one would need high-accuracy data and LQCD

results for the corresponding SM form factors.

3.3 K`3(γ)

In the SM, the K → π`ν decay amplitude depends on the hadronic matrix element [1]:

〈π− (k) |s̄γµu|K0 (p)〉 = Pµf+(q2) + qµf−(q2), (3.11)

where the K0π− channel is taken as reference, P = p + k and q = p − k. The f−(q2) can

be written in terms of f+(q2) and the scalar form factor f0(q2) using the conservation of

the vector current in QCD,

〈π− (k) |s̄u|K0 (p)〉 = −
m2
K0 −m2

π±

ms −mu
f0(q2),

f0(q2) = f+(q2) +
q2

m2
K0 −m2

π±
f−(q2), (3.12)

Finally, in presence of a tensor operator a new form factor appears [1]:

〈π− (k) |s̄σµνu|K0 (p)〉 = i
pµkν − kµpν

mK0

BT (q2). (3.13)

– 7 –
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3.3.1 Kinematical distribution

First let us briefly review the situation in the SM [1, 2]. There are various methods proposed

for the parametrization of the q2 dependence of the form factors. The conventional one

relies on a Taylor expansion,

f̄+,0(q2) =
f+,0(q2)

f+,0(0)
= 1 + λ′+,0

q2

m2
π

+
1

2
λ′′+,0

(
q2

m2
π

)2

+ . . . , (3.14)

where the higher orders terms are negligible in the kinematic range of the decay, q2 ∈
[m2

` , (mK −mπ)2]. These parameters are customarily fitted to the kinematic distributions

of the decay (or Dalitz plot) [63–70], allowing for a calculation the phase-space integral

(see next subsection).

The Taylor-expansion parametrization introduces a number of parameters which can

not be always determined experimentally free of ambiguities and more efficient parametriza-

tions have been proposed [1, 11, 20, 32], incorporating physical constraints to reduce the

number of independent parameters. In particular, for f0(q2) one can use a dispersive rep-

resentation [11, 20, 32] that allows one to relate all its slope parameters to a single quantity

that needs to be measured and that is chosen to be log C, where

C = f̄0(m2
K −m2

π). (3.15)

Importantly, the value of this quantity can be determined very precisely in QCD using the

Callan-Treiman theorem (CTT) [71]

CQCD =
fK
fπ

1

f+(0)
+ ∆CT, (3.16)

where ∆CT = −0.0035(80) is a small O(mu,d/(4πfπ)) correction calculated using

ChPT [8, 72].

It is also interesting to note that LQCD calculations of the q2-dependence of the SM

form factors have recently appeared [73], although their precision is still smaller than the

experimental determinations. Their inclusion in the future should be straightforward and

it should help obtaining a more precise |Ṽ `
us| determination and stronger NP bounds, while

at the same time making the SM calculations more robust.

Scalar and tensor operators modify the kinematic distribution and they should be

determined together with the form factor parameters in the fits to the Dalitz plots. First of

all, their interference with the SM is proportional to the lepton mass due to their chirality-

flipping nature. A consequence of this is that the dependence on the corresponding WC

for the electronic mode is, in very good approximation, quadratic and their kinematic

distributions are SM-like at leading order of the EFT expansion.

In the muon channel, the effect of the scalar operator can be absorbed in the scalar

form factor [1]. This can be easily seen at the very amplitude level:

M(K0 → π−µν) = − GF Ṽ
µ∗
us√

2

[(
ūP/(1− γ5)v +mµ

m2
K0 −m2

π±

q2
ū(1 + γ5)v

)
f+(q2)

−mµ
m2
K0 −m2

π±

q2
f0(q2)

(
1 + εsµS

q2

mµ(ms −mu)

)
ū(1 + γ5)v + . . .

]
,

(3.17)
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where the dots correspond to the tensor contribution that we discuss below. Since this

effect vanishes for q2 = 0, it is easy to see that the whole effect of a scalar interaction ends

up hidden in the q2-dependence of the scalar form factor f0(q2). If precise values for f+(0)

and fK/fπ are provided in QCD, the CTT gives a very accurate prediction of this form

factor at q2 = m2
K −m2

π, which allows to separate εsµS from the experimental measurement:

logCexp = log

[
CQCD

(
1 +

m2
K −m2

π

mµ(ms −mu)
εsµS

)]
= logCQCD +

m2
K −m2

π

mµ(ms −mu)
εsµS +O(v4/Λ4) . (3.18)

On the other hand, the tensor term can not be described by a simple re-definition of

the SM contributions. This can be appreciated better by looking at the differential decay

rate in terms q2 and the angle θ defined in the q rest frame by the 3-momenta of the charged

lepton and the one of the recoiling pion, ~k:

dΓ

dq2d(cos θ)
=
G2
F |Ṽ

µ
us|2

128π3
CK Sew

(
1 + δc + δcµem(q2, θ)

)2 |~k|
m2
K

(
1−

m2
µ

q2

)2

×

{
sin2 θ

∣∣∣∣2mK |~k|f+(q2)

(
1−

2εsµT mµ

mK

BT (q2)

f+(q2)

)∣∣∣∣2

+m2
µ

∣∣∣∣∣2mK |~k|√
q2

cos θf+(q2)

(
1−

2εsµT q
2

mµmK

BT (q2)

f+(q2)

)
+
m2
K −m2

π√
q2

f̃0(q2)

∣∣∣∣∣
2
 ,

(3.19)

where CK = 1 (1/2) for the neutral (charged) kaons, f̃0(q2) = f0(q2)
(

1 + εsµS
q2

mµ(ms−mu)

)
denotes the scalar form factor modified by NP, δcµem(q2, θ) are radiative corrections and δc

is the isospin-breaking correction for the charged kaon channel, which can be obtained in

ChPT [9, 12, 15, 18, 19]. It is evident that the tensor operator introduces a characteristic

dependence on q2 and θ that is different from the SM.

3.3.2 Total rates

The photon-inclusive K`3 total decay rates can be written as [1]

Γ(K`3(γ)) =
G2
Fm

5
K

192π3
CK Sew |Ṽ `

us|2f+(0)2 I`K(λ+,0, ε
s`
S,T )

(
1 + δc + δ

c`
em

)2
, (3.20)

where δ
c`
em is the integrated radiative correction and I`K(λ+,0, ε

s`
S,T ) is the phase space inte-

gral, where λ+,0 should be interpreted as a generic reference to the parameters describing
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the q2 dependence of the form factors. Its expression is given by

I`K = I`K,0 − εs`T I`T +O(v4/Λ4) , (3.21)

I`K,0 =
1

f+(0)2

∫
dq2

m2
K

λ3/2(q2)

(
1 +

m2
`

2q2

)(
1−

m2
`

q2

)2

×

(
f+(q2)2 +

3m2
`

(
m2
K −m2

π

)2(
2q2 +m2

`

)
m4
Kλ(q2)

f̃0(q2)2

)
,

I`T =
1

f+(0)2

∫
dq2

m2
K

λ3/2(q2)
6 m`

mK

(
1−

m2
`

q2

)2

BT (q2)f+(q2),

where λ(q2) = 1 − 2rπ + r2
π − 2q2/m2

K − 2rπq
2/m2

K + q4/m4
K and rπ = m2

π/m
2
K . Let us

notice that the tensor contribution to the total rate, I`T , does not agree with the result

shown in the 2008 Flavianet report [1].

To determine the total rates beyond the SM one first needs to perform a global fit of the

form-factor parameters and εs`T (provided a value for BT ) to the kinematic distribution in

eq. (3.19). This requires a careful assessment of the uncertainty introduced by the radiative

corrections δc`em(q2, θ) which can introduce sizable corrections to the rates in some regions

of the phase space [19]. Besides the parameters corresponding to f+(q2), for the muonic

mode one should obtain from the fit (correlated) intervals for log C and εsµT . As it will

be discussed in more detail below, for the electronic mode our framework must be pushed

beyond the leading order in the EFT expansion to search for |εseS |2 and |εseT |2. With the

final results of these fits one can now compute the phase-space integral I`K in eq. (3.20),

which allows for a determination of f+(0)|Ṽ `
us| from the total rate Γ(K`3(γ)).

Similarly to P`2(γ), there is also a lepton-universality ratio in K`3(γ) constructed from

the total rates in which most of the theoretical uncertainties cancel:

rµe =
ΓKµ3Ie3

(
1 + 2δKeem

)
ΓKe3Iµ3

(
1 + 2δKµem

) =
|Ṽ µ
us|2

|Ṽ e
us|2

= 1 + 2∆s
L +O(v4/Λ4) , (3.22)

and that is only sensitive to the difference of left-handed s → u currents, ∆s
L = εsµL − εseL ,

up to O(v2/Λ2) due to eq. (2.3).

3.4 Nuclear, neutron and hyperon β decay

The semileptonic decays of nuclei, neutron and hyperons are mediated by the same effective

Lagrangian as the (semi)leptonic pion and kaons decays. We summarize here the aspects

of these decays that offer the strongest synergies.

The most accurate value for |Ṽ e
ud| is obtained from superallowed nuclear β transitions,

in an analysis that also sets the most stringent limits on the non-standard scalar Wilson

coefficient εdeS (via the Fierz interference term bF ) [47, 74]. Combining this |Ṽ e
ud| determi-

nation with the |Ṽ e
us| value obtained from Ke3(γ) allows one to test CKM unitarity, which
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probes the following combination of WC [38]:

|Ṽ e
ud|2 + |Ṽ e

us|2 = 1 + ∆CKM ,

∆CKM = 2|Ṽ e
ud|2(εdeL + εdR) + 2|Ṽ e

us|2(εseL + εsR)− 2
δGF
GF

+O(v4/Λ4). (3.23)

where we have neglected the contribution of |Ṽ e
ub|2 because its value is smaller than the

current uncertainty in ∆CKM [4].

At the hadron level, neutron and hyperon β decays are weighed by different form

factors. For the SM contributions we have [75]:

〈B2(p2)|ūγµD|B1(p1)〉 = ū2(p2)

[
f1(q2) γµ +

f2(q2)

M1
σµνq

ν +
f3(q2)

M1
qµ

]
u1(p1) ,

〈B2(p2)|ūγµγ5D|B1(p1)〉 = ū2(p2)

[
g1(q2)γµ +

g2(q2)

M1
σµνq

ν +
g3(q2)

M1
qµ

]
γ5u1(p1) , (3.24)

while the (pseudo)scalar and tensor operators introduce new form factors [47, 75, 76]. The

normalization of the decays, f1(0) |Ṽ `
uD|, leads to independent |Ṽ `

uD| constraints once a the-

oretical value for the “vector charge” of the transition, f1(0), is used (see e.g. refs. [77–81]).

The only effects of the right-handed currents εDR in these decays enter hidden in |Ṽ `
uD|,

cf. eq. (2.5), and in the axial form factors, like the “axial charge” of the transition, g1 ≡
g1(0) (commonly denoted by gA in the case of the neutron decay) [47, 76]:

gexpt
A = (1− 2εdR) gA , gexpt

1 = (1− 2εsR) g1 . (3.25)

Thus, a bound on the right-handed current can be determined if any of the axial form

factors is both measured and calculated in LQCD. This is indeed the case for gA, which

has been measured precisely [82, 83] and for which there are ongoing LQCD efforts [84],

with results in the physical point currently at the few-percent level [85–87]. As recently

pointed out in ref. [76], our knowledge for the hyperon decays is far less advanced both

experimentally and theoretically.

The nonstandard coefficients εD`S,P,T modify not only the total rate but also the kine-

matic distributions and polarization observables of the β decays [47, 76, 88, 89]. Strong

bounds on εdeS,T have been obtained from global fits to various precise measurements in

nuclear and neutron decays [39–41, 74, 90], whereas somewhat weaker (but still nontrivial)

bounds are expected for the pseudo-scalar term εdeP [89]. It is also worth noting that the

muonic NP-modified CKM matrix element, Ṽ µ
ud, and WC, εdµS,P,T , cannot be determined

from β decays since the muon channels are kinematically forbidden.

The analysis of these contributions can be extended to semileptonic hyperon de-

cays [76]. Similarly to K`3(γ), the chiral suppression of (pseudo)scalar and tensor operators

implies that only the muonic case presents a non-negligible linear dependence on the WC.

For instance, in ref. [76] the following lepton universality ratio was studied:

RB1B2 =
Γ(B1 → B2µν)

Γ(B1 → B2eν)
=
|Ṽ µ
us|2

|Ṽ e
us|2

(1 +RS ε
sµ
S +RT ε

sµ
T ) , (3.26)

– 11 –



J
H
E
P
1
2
(
2
0
1
6
)
0
5
2

where the coefficients RS,T depend of the decay channel [76]. The NP contributions to

|Ṽ µ
us|/|Ṽ e

us| are encoded in ∆s
L which can be extracted independently from K`3 decays, cf.

eq. (3.22), so that measuring RB1B2 in different channels allows to set bounds on εsµT,S at

the few per-cent level, even though the old hyperon decay data set is used as input [76].

New experiments and a comprehensive analysis of observables is needed to fully exploit the

interesting degree of complementarity between hyperon and kaon decays.

4 Strategy for the global analyses

Having discussed all the (CP -averaged) observables appearing in P`2(γ) and K`3(γ), and its

complementarity with baryon decays, we will now outline a strategy to take into account all

the information about NP one can extract from the experimental data, while summarizing

also the theoretical inputs needed.

Only three of the four P`2(γ) ratios discussed in section 3.1 are independent and we

need also to include in the analysis one total rate (controlling the overall normalization of

the rates). We choose Rπ, RK , Rµ and Γ(Kµ2(γ)). For the theoretical predictions we need

f±K/f
±
π and fK± which are calculated accurately in LQCD, and the radiative corrections

described in section 3.1. The output quantities obtained are:

{
Rπ, RK , Rµ, Γ(Kµ2(γ))

}
y Rth

π , R
th
K ,fK±/fπ± , fK± , radiative corrections{

|Ṽ e
ud|2

|Ṽ µ
ud|2

(
1 + ∆π

e2/µ2

)
,
|Ṽ e
us|2

|Ṽ µ
us|2

(1+∆K
e2/µ2),

|Ṽ µ
us|2

|Ṽ µ
ud|2

(
1 + ∆

K/π
µ2

)
, |Ṽ µ

us|2
(
1 + ∆K

µ2

)}
(4.1)

where the ∆X are the combinations of the WC in eqs. (3.3), (3.4), (3.7).

For K`3(γ), we have three (CP-averaged) channels for electron and muon, namely

K±,KL and KS . Since they are sensitive to the same short-distance physics, we can

simply average over them (taking into account SM long-distance effects that affect them

differently). The comparison of the output obtained in different channels (e.g. f+(0) |Ṽ `
us|)

is a useful experimental crosscheck [1, 2], but it does not provide any NP constraint in the

EFT framework.

First, the kinematic distributions have to be fitted to a parametrization of the form

factors and, also to εsµT using the LQCD determination for BT (q2). For the muonic mode,

one extracts εsµS comparing the experimental determination of log C with the value given by

the CTT theorem and the lattice calculations of f+(0) and fK/fπ, viz. eqs. (3.16), (3.18).

With the correlated results of these fits one calculates the spectral integrals IeK and IµK ,

that are then used to extract f+(0) |Ṽ e
us| and rµe from the electronic and muonic total rates,

viz. eqs. (3.20), (3.22), which then gives |Ṽ `
us| using as input the LQCD determination for

– 12 –
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f+(0). Schematically:

Kinematic distributionsy radiative corrections{
λ′+, λ

′′
+, log Cexp, BT (q2) εsµT

}
y logCQCD, BT (q2),{

IeK , I
µ
K , ε

sµ
S , ε

sµ
T

}
{
rµe, Γ(Ke3(γ))

}
−−−−−−−−−→

y f+(0), radiative and isospin corrections{
|Ṽ e
us|, ∆s

L, ε
sµ
S , ε

sµ
T

}

(4.2)

Note that, in general, and except for εsµS,T , the global analysis of P`2(γ) and K`3(γ) does

not allow to determine each WC separately, but only certain combinations of them. Baryon

β decays provide extra observables that can help to disentangle most of them individually.

For instance, including the determination of |Ṽ e
ud| allows one to access ∆CKM via eq. (3.23)

and the WC combination ∆
K/π
µ2 − 2∆d

L from Rµ. This leads to a reinterpretation of the

classical |Vus|− |Vud| plot illustrating the consistency of K`3, K`2/π`2 and nuclear β decays

determinations of |Vud| and |Vus| [91]. In our EFT approach such test represents a powerful

probe of the NP contribution ∆
K/π
µ2 − 2∆d

L, whereas the additional consistency with the

unitarity condition probes ∆CKM. We will come back to this point in section 5.2.1.

Last but not least, the analysis of the nucleon and hyperon axial charges allows to

extract εDR (D = d, s), which, in turn, makes possible to set individual bounds on εseP , εsµP
and εdeP from the kaon fit output. Schematically:{
|Ṽ e
us|, ∆s

L,
|Ṽ e
ud|2

|Ṽ µ
ud|2

(
1+∆π

e2/µ2

)
,
|Ṽ e
us|2

|Ṽ µ
us|2

(1+∆K
e2/µ2),

|Ṽ µ
us|2

|Ṽ µ
ud|2

(
1+∆

K/π
µ2

)
, |Ṽ µ

us|2
(
1+∆K

µ2

)}
{
|Ṽ e
ud|, g

expt
A , gexpt

1

}
−−−−−−−−−→

y gLQCD
A , gLQCD

1 ,CKM unitarity{
|Ṽ e
ud|, ∆CKM, ∆s

L,∆
d
LP , ε

se
P , ε

sµ
P , ε

de
P , ε

d
R, ε

s
R

}
(4.3)

There are certain WC which cannot be determined individually using the low-energy

data discussed thus far. For instance, the lack of experimental input for a lepton-

universality ratio |Ṽ e
ud|2/|Ṽ

µ
ud|

2, precludes setting a bound on the combination εdeL − εdµL
separated from εdµP in the combination:

∆d
LP = −∆d

L +
B0

mµ
εdµP = εdeL − ε

dµ
L +

B0

mµ
εdµP , (4.4)

obtained from Rπ. Nonetheless, one gets access to these WC in muon-capture and inverse

β-decay experiments, in which a few-percent experimental precision has been achieved. It
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would be interesting to investigate the potential of these processes to provide independent

bounds on NP in the context of the EFT approach described here.

In addition, the WC in the following combinations:

∆̃CKM =2|Ṽ e
ud|2εdeL + 2|Ṽ e

us|2εseL − 2
δGF
GF

≈ 1.9 εdeL + 0.1 εseL − 2
δGF
GF

,

∆s
L =εsµL − ε

se
L . (4.5)

are not determined individually. This can not be improved by adding other low-energy

charged-current processes and the only way to access the orthogonal directions to these

WC combinations is through the use of high-energy data, or neutral-current low-energy

processes connected to those studied in this work due to the SU(2)L×U(1)Y symmetry in

the EFT.

In figure 1 we present a flowchart describing the correlation among different low-energy

processes in a global (linearized) EFT analysis of NP in D → u`ν transitions (D = d, s, ` =

e, µ) and summarizing the different experimental and the theoretical inputs that are needed.

4.1 Quadratic contributions of the WC

In principle, it is possible to extend our analysis to include quadratic contributions of the

WC to the observables, although these count as O(v4/Λ4) in the EFT expansion and one

needs to promote the global analysis to that order. In particular, the relation εDeR = εDµR
would be violated by the interference of the SM with dimension-8 operators. For the sake of

clarity, in this work we restrict ourselves to the few cases where the quadratic contributions

can give the leading NP effects.

As discussed in section 3.3, this is the case of the WC εseS,T , which are not constrained in

a linear fit to the (semi)leptonic kaon decay data, and whose quadratic terms represent the

leading NP contributions to the Ke3 differential distributions. Indeed, this has been used

by the ISTRA [64] and NA48 [65] Collaborations to set bounds on those WC. However,

none of these fits contain simultaneously the four relevant quantities, namely, the leading

SM form-factors parameters λ′+, λ
′′
+ and both WC εseS,T , and the correlations are not given

either. The strongest bounds were obtained by ISTRA [64] in fits to λ+, λ
′
+ and one of the

WC at a time, finding

fS
f+(0)

=
m2
K −m2

π

2mK(ms −mu)
εseS = −0.004(+7

−6)(4) , (4.6)

fT
f+(0)

= −2
BT (0)

f+(0)
εseT = −0.012(21)(11) , (4.7)

where we have transformed the results in terms of the variables employed in that work,

fT /f+(0) and fT /f+(0), into those employed in this work.

On the other hand, as discussed in section 3.1, εD`P contributes to P`2 with a large

helicity-enhancement that can make their quadratic terms important too. In fact, this

quadratic contribution allows for a second solution, different from zero, to the constraint

that can be obtained on the pseudoscalar WC. To be more explicit, this occurs when
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Ṽ
e u
d
,ε
d
e
S

εs
µ S
,ε
sµ T

g
ex

p
t

A
,
g

ex
p

t
1

εd R
,ε
s R

Ṽ
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Figure 1. Flowchart.
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P`2(γ) K`3(γ) Baryon β-decay

Rπ = 1.2344(30)× 10−4 [94]
[
Ṽ e
us f+(0)

]
εT=0

= 0.21649(44) |Ṽ e
ud| = 0.97451(38)

RK = 2.488(9)× 10−5 [4]
[
Ṽ µ
us f+(0)

]
εT=0

= 0.21667(54) bf = −0.0028(26) [74]

Γ(Kµ2) = 5.134(10)× 107s−1 logC = 0.1985(70) [43] gA = −1.2723(23) [94]

BR(πµ2) = 0.9998770(4) [4] −2εsµT
BT (0)
f+(0) = −0.0007(71) [63] g1

f1

∣∣∣
Λp

= 0.718(15) [4]

τπ± = 2.6033(5)× 10−8 s [4]

Table 1. Experimental data used in the analysis. See main text for more details about those values

that do not have a reference in the table. Additionally, the various masses and αem are taken from

the PDG [4].

1 − (B0/m`)ε
D`
P ' −1, namely for εDeP ∼ 4 × 10−4 or εDµP ∼ 0.1. In order to discard

this other solution one would need an independent constraint on these WC that could be

provided by β decays [76, 89]. Finally note that if we allow for a complex CP-violating

phase in the WC these two-fold degeneracies become circular in the complex plane of

εD`P [47, 51].6

Finally, for completeness, we discuss the subleading operators (D > 6) in the low-

energy EFT, i.e. operators with derivatives neglected in the effective Lagrangian of eq. (2.1).

These terms are corrections of order (q/v)n . (MK/v)n ∼ (10−3)n (n ≥ 1) with respect

to the non-derivative terms. In the SM they are generated with n = 2 at tree level (NLO

terms in the W-propagator expansion) and are thus still unobservable in beta decays. An

example of NP giving this type of contributions (with n = 1) are the dipole-type (D = 6)

SU(2) × U(1)-invariant operators such as (¯̀σµνe)τ IϕW I
µν . Their effect will be then of

order 10−3 × v2/Λ2, which will be unobservable even for NP scales not much larger than

the EW scale.

5 Phenomenology

5.1 Inputs

5.1.1 Experimental

We summarize in table 1 the experimental values used for our analysis. Now we discuss

some non-trivial aspects of them:

• We calculate Γ(Kµ2) using the latest Flavianet results for the corresponding BR and

the lifetime [43], and taking into account their 10% correlation [95].

• K`3 shapes: We take the value of logC from the latest Flavianet update [43] and

the tensor term for the muonic mode from the ISTRA+ analysis [63]. We assume

these bounds will hold in a combined fit, and we neglect the correlations of logC,

6Any chiral-enhanced not-interfering term has the same consequences, e.g. operators with light right-

handed [51, 92, 93] or “wrong-flavor” neutrinos [47].
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the tensor term and the phase-space integrals I`K,0. It should be straightforward to

amend these limitations by the experimental collaborations.

• K`3 rates: We take the latest Flavianet results [43] for the product |Ṽ `
us| f+(0)

obtained from the channels KLe3,KLµ3,KSe3,K
±
e3,K

±
µ3, and taking into account their

correlations [95] we average them to obtain the values |Ṽ e
us| f+(0) and |Ṽ µ

us| f+(0)

shown in table 1, which present a +52% correlation. Since the Flavianet extraction

sets to zero the tensor term, these numbers are still missing the contribution from the

tensor phase space integral, cf. eqs. (3.20)–(3.21), which we denote in table 1 with

the subindex “εT = 0”. Combining these values with the bound on the tensor term,

we find  |Ṽ
e
us| f+(0)

|Ṽ µ
us| f+(0)

εsµT
BT (0)
f+(0)

 =

 0.21649(44)

0.21670(59)

−0.0007(71)

 , ρ =

 1. 0.47 0.

− 1. −0.42

− − 1.

 , (5.1)

where we have simply used that the total phase space integral is given by

IµK ≈ I
µ
K,0

(
1− 0.40 εsµT

)
, (5.2)

using the Flavianet determination of IµK,0 and BT (0)/f+(0) from ref. [96].

• Nuclear β decays: current studies of superallowed nuclear transitions contain a

SM analysis where Vud is extracted, finding |Ṽ e
ud| = 0.97417(21), and a NP analysis

where the Fierz term bF is bounded, bF = −0.0028(26) [74]. In our framework

we need a combined extraction of both quantities. Assuming a Gaussian χ2 we

can reconstruct the outcome of such a fit. For this reconstruction we use that the

minimum of the 2-parameter fit is {Ft, bF } = {3070.1 s,−0.0028} [97], where Ft is

the so-called “corrected” Ft value, where different nuclear-structure and transition-

dependent radiative corrections have been subtracted (see e.g. ref. [74]). We obtain:(
|Ṽ e
ud|
bF

)
=

(
0.97451(38)

−0.0028(26)

)
, ρ =

(
1. −0.83

− 1.

)
. (5.3)

These results should be taken with caution, keeping in mind their reconstructed

nature. Ideally, in the future they will be given in this format, where it is trivial to

recover the SM limit setting bF = 0. Let us remind that bF = −2 gS ε
de
S , where gS is

the corresponding scalar form factor (see e.g. ref. [89]).

• Neutron β decays: We use the PDG average for the axial charge gA. Let us notice

that this determination, which comes typically from the measurement of the neutron

β asymmetry A, assumes the SM is correct, whereas in our EFT framework it provides

a gA value modified by scalar and tensor interactions (in addition to εdR). However,

given the current bounds on εdeS,T , these effects can be neglected in comparison with

the error of the lattice gA determination, which by far limits the εdR bound. And the

same applies to the hyperon axial charge g1.
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P`2(γ) K`3(γ) Baryon β-decay

RSM
π = 1.2352(1)× 10−4 [17] f+(0) = 0.9661(32) [5] gS = 1.02(11) [89]

RSM
K = 2.477(1)× 10−5 [17] ∆CT = −0.0035(80) [2, 8] gA = 1.24(4) [85]

fK±/fπ± = 1.192(5) [5] BT (0)
f+(0) = 0.68(3) [96] g1

f1

∣∣∣
Λp

= 0.72(7)

fK± = 154.3(0.4)(2.8) MeV [98]

δKµem − δπµem = −0.0069(17)

δKµem = 0.0121(32)

Table 2. Theory inputs. See main text for more details about those values that do not have a

reference in the table. The scale/scheme-dependent quantities are given in the MS at µ = 2 GeV.

• Hyperon β decays: in contrast to gA, the axial-charges in the hyperons decays, g1,

are measured with a relative uncertainty not better than 2% [4]. The best precision

is achieved in Λ→ pe−ν̄ that we will use as a reference for the extraction of εsR in the

fits. As discussed in section 3.4, the hyperon decays also provide independent limits

on the scalar and tensor muonic WC from the lepton-universality ratio in eq. (3.26).

The current bound on the tensor WC, εsµT = −0.017(20) (1σ) [76],7 is only 4 times

less precise than the one obtained from the shapes of Kµ3 and does not depend on

the assumptions described above for this mode.

5.1.2 Theoretical

We summarize in table 2 the theory input for our analysis. Some comments are in order:

• Using the expression in eq. (3.2), we find δKµem = 0.0121(12)cK1
(30)e2p4 for the EM

corrections to Kµ2(γ) at order e2p2 in the chiral expansion. The first error comes

from the uncertainty in the hadronic structure constant cK1 = −1.98(50) [15, 17] at

order e2p2 and the second error (25% of the central value) is an estimate of corrections

due to higher order terms. Likewise we find δKµem − δπµem = −0.0069(17)e2p4 , which is

free of cP1 uncertainties at this order.

• We use FLAG averages (Nf = 2 + 1) [5] for fK±/fπ± [99–101] and f+(0) [102, 103].

• The experimental value of fπ is often used to set the scale in the LQCD calculations.

Within the SMEFT setup this is not convenient because one propagates the NP

contribution ∆π
µ2 onto all the dimensionful quantities determined thereafter in the

lattice. Namely, the corresponding determination of fK makes Γ(Kµ2(γ)) not sensitive

to ∆K
µ2, but only to ∆

K/π
µ2 , i.e. the direction already probed by the Rµ ratio. Thus, it

is better to use determinations where an observable dominated by strong dynamics is

used to set the scale. Among the determinations passing the FLAG requirements [5,

98, 99, 101] we choose for our fit the MILC09 calculation as it already includes the

7Here we take into account that the εsµT definition of ref. [76] has a minus sign difference with the

definition used in this work.

– 18 –



J
H
E
P
1
2
(
2
0
1
6
)
0
5
2

isospin corrections, fK± = 154.3(0.4)(2.8) MeV [98]. Notice that this caveat also

holds in a global SM analysis of K`2 and π`2 data, since using the experimental value

of fπ to set the QCD scale entails the loss of one of the experimental inputs.

• Using the values in the table 2 we find logCQCD = 0.2073(84). The correlation

between this number and the quantities fK±/fπ± and f+(0) is taken into account.

• There are a few recent Nf = 2 LQCD calculations of axial charge of the nucleon at

the physical point [85–87]. We use gA = 1.24(4) [85].

• There are no computations of the axial charges for the semileptonic ∆S = 1 hyperon

decays in the lattice yet, although pioneering calculations of the ∆S = 0 ones of

the Σ and Ξ baryons have been reported [104–106]. Taking the results in ref. [105]

(and gA from ref. [85]), we obtain gΣ = 0.91(4) and gΞ = −0.25(3). These can be

connected to the ∆S = 1 couplings using SU(3)F , which is known to work empirically

at few-percent accuracy for these quantities (see discussions in refs. [88, 107]). We

obtain g1/f1|Λp = 0.72(7), where we have conservatively estimated SU(3)-breaking

corrections by a 10%. Needless to say that the situation could be improved with

direct LQCD calculations of these couplings.

5.2 Fit

Using the experimental and theoretical inputs listed in tables 1 and 2, and treating all

errors as Gaussian, we perform a standard χ2 fit, keeping only linear terms in v2/Λ2 in the

theoretical expressions. The results are:



Ṽ e
ud

Ṽ e
us

∆s
L

∆d
LP

εdeP
εdR
εseP
εsµP
εsR
εsµS
εsµT
εdeS



=



0.97451± 0.00038

0.22408± 0.00087

1.0± 2.5

1.9± 3.8

4.0± 7.8

−1.3± 1.7

−0.4± 2.1

−0.7± 4.3

0.1± 5.0

−3.9± 4.9

0.5± 5.2

1.4± 1.3



× 10∧



0

0

−3

−2

−6

−2

−5

−3

−2

−4

−3

−3



, (5.4)

in the MS scheme at µ = 2 GeV. Let us remind the reader that ∆s
L = εsµL − εseL and

∆d
LP = εdeL − ε

dµ
L + B0

mµ
εdµP ≈ εdeL − ε

dµ
L + 24εdµP .
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The correlation matrix is given by:

ρ =



1. 0. 0. 0.01 0.01 0. 0. 0. 0. 0. 0. 0.82

− 1. −0.16 0. 0. 0. 0.04 0.04 0. −0.26 0. 0.

− − 1. 0. 0. 0. −0.01 0.02 0. 0. 0.46 0.

− − − 1. 0.9995 −0.87 0.09 0.09 0. 0.04 0. 0.01

− − − − 1. −0.87 0.09 0.09 0. 0.04 0. 0.01

− − − − − 1. 0. 0. 0. 0. 0. 0.

− − − − − − 1. 0.9995 −0.98 −0.01 0. 0.

− − − − − − − 1. −0.98 −0.01 0.01 0.

− − − − − − − − 1. 0. 0. 0.

− − − − − − − − − 1. 0. 0.

− − − − − − − − − − 1. 0.

− − − − − − − − − − − 1.



. (5.5)

Exploiting now the unitarity of the CKM matrix as explained in section 4, trading

|Ṽ e
us| for ∆CKM, we obtain:

∆CKM = 2|V e
ud|2(εdeL + εdR) + 2|Vus|2(εseL + εsR)− 2

δGF
GF

= −(1.2± 8.4)× 10−4 ,

ρ2i =
(

0.88 1. −0.07 0.01 0.01 0. 0.02 0.02 0. −0.12 0. 0.73
)
. (5.6)

We observe good agreement with the SM, with marginalized limits varying from the

10−5 level for the pseudoscalar couplings in the electronic channel (due to the chiral en-

hancement) to the per-cent level for the right-handed couplings (due to the limited lattice

precision in the axial-vector form factors).

We observe also that the combinations of WC {∆d
LP , ε

de
P } and {εseP , ε

sµ
P } are highly

correlated, which simply reflects the fact that the specific combination of them that appears

in Rπ and RK respectively is much more constrained than the individual WC. This is

illustrated by the limits obtained when the only non-zero NP couplings are the pseudoscalar

couplings in the electronic channel:

εdeP = (0.7± 2.5)× 10−7 , (5.7)

εseP = −(4.5± 3.7)× 10−7 . (5.8)

Such strong bounds can be the result of a very high NP scale, Λ ∼ v/
√
ε ∼ O(500) TeV, or a

non-trivial structure in lepton-flavor space, such as εD`P ∼ m` ε
D
P . The latter case naturally

follows in models with extra Higgs doublets [1] or, model-independently, from scalar four-

fermion operators with Minimal Flavor Violation (MFV) [108–112] as in ref. [46].

We complete the numerical discussion with the uncorrelated bounds that are obtained

from πe2γ , eq. (3.10), and including quadratic effects in the Dalitz plots of Ke3, eq. (4.7):

εdeT = (0.1± 0.8)× 10−3,

εseS = (−1.6± 3.3)× 10−3,

εseT = (0.9± 1.8)× 10−2, (5.9)

in the MS scheme at µ = 2 GeV. Here we have used the result in table 2 for BT (0)/f+(0).
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5.2.1 The Vud − Vus plane revamped

An application that particularly highlights the virtues of the EFT framework developed

in this work is the |Vus| − |Vud| plot that illustrates the consistency of K`3, K`2/π`2 and

nuclear-β-decay determinations [91]. Interestingly enough, although the values of |Vud|
and |Vus| currently extracted from nuclear β decays an K`3 are in perfect agreement with

unitarity, a small “misalignment” with the K`2/π`2 bound is observed [5, 6, 43].

In the general EFT setup, and if we focus on the electronic channel, this plot represents

a projection of the global fit discussed earlier into the |Ṽ e
ud| − |Ṽ e

us| plane. The NP can

manifest either as a violation of CKM unitarity or, precisely, as this misalignment of the

bound on |Ṽ e
us|/|Ṽ e

ud| from Ke2/πe2 with respect to the intersection of the other two bounds

from β decays (|Ṽ e
ud|) and Ke3 (|Ṽ e

us|). The former case corresponds to the bound on ∆CKM

obtained above, whereas the latter probes the combination of Wilson Coefficients ∆
K/π
e /2 =

−2(εsR−εdR)− B0
me

(
εseP − εdeP

)
, cf. eqs. (3.7)–(3.8). Hence, the right-handed and pseudoscalar

contributions change the slope of the diagonal constraint obtained from Ke2/πe2.

In figure 2 we show current experimental constraints on the |Ṽ e
ud| − |Ṽ e

us| plane, where

we have added a NP contribution ∆
K/π
e2 ' 0.02 needed to perfectly align the band from

Ke2/πe2 with those from β-decays and Ke3. For illustration, we also show the diagonal

lines corresponding to a NP contribution in ∆
K/π
e2 if it was of the type εseP for different

values of the corresponding effective scale Λse
P .

Nonetheless, this effect has a small significance, as reflected by the consistency of

the data with the SM in our global fit discussed in the previous section. We see that

this precise test of the SM, obtained thanks to the small experimental and theoretical

uncertainties achieved in these processes, currently allows one to probe O(100) TeV scales.

Let us stress that figure 2 is obtained from our global fit, with all NP terms present,

which makes the horizontal and vertical error bands wider. The traditional Vud − Vus plot

is recovered if the only NP terms present are those probed in this plot, i.e. ∆CKM and

∆
K/π
µ2 . That allows one to combine Ke3 and Kµ3 SM extractions of Ṽus and to use the

SM analysis of ref. [74] for Vud, cf. eq. (5.3). In that limit, the sensitivity to ∆CKM and

∆
K/π
µ2 is of course stronger, and a larger (though still not significant) tension arises in the

plot [5, 6, 43].

Needless to say, one could have plotted instead the bound obtained from Kµ2/πµ2, with

the only difference that the combination of WC probed in that case is longer, involving also

left-handed εi to connect Ṽ µ
uD with Ṽ e

uD. And the same applies e.g. for the Kµ2 extraction.

5.3 Minimal Flavor Violation and SM limits

If the flavor symmetry U(3)5 is respected, all NP terms vanish except those contaminating

the CKM matrix elements, which in this case become lepton-independent [38]. This NP

flavor structure occurs if flavor breaking is suppressed by a mechanism such as Minimal

Flavor Violation. Thus, the MFV analysis and the SM one (without imposing CKM

unitarity) are equivalent. In this case we find:(
Ṽud
Ṽus

)
=

(
0.97416(21)

0.22484(64)

)
, ρ =

(
1. 0.03

− 1.

)
, (5.10)
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Figure 2. 1σ regions for |Ṽ eud| and |Ṽ eus| from Ke3 (horizontal band) and nuclear β decays (vertical

band). We also plot the 1σ region given by the ratio Γ(K±e2(γ))/Γ(π±e2(γ)) (diagonal band) assuming

a NP contribution ∆
K/π
e2 ' 0.02, along with the lines corresponding to different NP effective scales

ΛseP ≈ (Vusε
se
P )−1/2v. The dashed black line shows the CKM unitarity constraint.

where the tildes in the left-hand side apply only to the MFV case. The only NP probe left

is then the CKM unitarity test [38]:

∆CKM = −(4.6± 5.2)× 10−4 . (5.11)

In a SM analysis where the CKM unitarity is imposed, this NP term is set to zero, reducing

the error in the matrix elements:

|Vud| = 0.97432(12) or equivalently |Vus| = 0.2252(5). (5.12)

Last but not least, we stress that our fit contains also the various QCD quantities as

outputs. In the general EFT case, they are trivially equal to their lattice QCD values that

we use as inputs, since the fit is not overdetermined. On the other hand, this is not the case

in the SM limit, where experimental data do complement the lattice calculations [2], giving fK±

fK±/fπ±

f+(0)

 =

 155.62(44)MeV

1.1936(30)

0.9632(23)

 , ρ =

 1. 0.78 0.56

− 1. 0.64

− − 1.

 . (5.13)

Figure 3 shows these results, and compare them with the bounds obtained using only

LQCD [5] or only experimental data, finding a good agreement.

The framework developed in this work is explicitly designed to make use of all the

experimental information available in (semi)leptonic kaon and pion decays. In addition to
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Figure 3. 68% C.L. regions for fK±/fπ± and f+(0) using only LQCD [5], only experimental data

(in a SM fit) or using both.

Analysis Vus Data Form Factors Kµ2(γ) and CTT

This work 0.22484(64) 2014 [43] 2013 [5] yes

Moulson’2014 [43] 0.2248(7) 2014 [43] 2013 [5] no

(our code) 0.2248(7)

FLAG’2013 [5] 0.2247(7) 2010 [2] 2013 [5] no

(our code) 0.2245(7)

Flavianet’2010 [2] 0.2253(9) 2010 [2] 2010 [2] no

(our code) 0.2254(9)

Table 3. Comparison with other SM analyses (without imposing CKM unitarity and using Nf =

2 + 1 lattice calculations).

the usual input of any analysis where Vud and Vus are extracted (that is, K`3, Kµ2/πµ2 and

β decays), our fit takes into account two more pieces of information. First, it includes the

Kµ2(γ) rate that, along with a lattice determination for fK± , offers an additional handle

on Vus. Secondly, we incorporate the CTT constraint in our fit, which, combined with

the experimental determination of logC, provides an extra handle on fK±/fπ± and f+(0);

namely fK±/fπ± × 1/f+(0) = 1.223(12). Indeed, this is part of the information that made

possible the determinations shown in eq. (5.13). Although the CTT has been used before as

an LQCD/ChPT check and as a NP probe (see e.g. ref. [2]), it was not taken into account

in the VuD extractions.
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As a consistency check, we have used our fitting code with the inputs of a few well-

known SM analyses and, as shown in table 3, we reproduce very well their corresponding

results. The only difference between our SM analysis and that of ref. [43] is the inclusion

of the additional inputs discussed above, i.e. Kµ2(γ) and the CTT. Thus, the comparison

with it shows clearly that their numerical impact on the Vud and Vus values is very small.

This is due to the not-precisely-enough values of fK± , logCexpt and ∆CT. In fact, with the

lattice values used in this work we find fK±/fπ± × 1/f+(0) = 1.234(7). Let us stress that

the use of Kµ2(γ) and CTT was, however, critical in the general NP analysis presented in

the previous section.

6 SMEFT and complementarity with collider searches

In order to connect the experimental bounds on the WC obtained at low-energies with

those generated by NP models at a high-energy scale, one needs to take into account the

running and mixing under radiative corrections of the corresponding operators.

At the same time, such scale evolution allows one to make contact with the high-energy

SMEFT. Employing this EFT as in intermediate step before connecting to specific models

is convenient for several reasons. First, it is constrained by the more restrictive EW gauge

symmetry group which leads to model-independent relations among the WC that are not

present in the low-energy analysis (viz. eq. (2.3)) [38, 44]. In addition, and due again to

SU(2)×U(1), the SMEFT Wilson Coefficients enter not only in the processes studied in this

work but also in other low-energy charged-current or neutral current processes involving

first- and second- generation fermions, so that an interesting degree of complementarity is

expected with charm-hadron (semi)leptonic decays, rare kaon decays, etc.

Last but not least, the SMEFT makes possible to study model-independently the

interplay between the low-energy measurements discussed in this work and NP searches at

colliders. Although such studies are clearly beyond the scope of this work, in this section

we show the potential of this approach through some illustrative and simple examples.

6.1 RGE running and matching to the SMEFT

As explained in section 2, (pseudo)scalar and tensor WC run under QCD and, moreover,

they mix through EW interactions. We take both effects into account integrating the

coupled differential renormalization group equations:

d~ε(µ)

d log µ
=

(
α(µ)

2π
γew +

αs(µ)

2π
γs

)
~ε(µ), (6.1)

where, once again, ~ε(µ) = (εD`S (µ), εD`P (µ), εD`T (µ)). Evolving from the low-energy scale

µ = 2 GeV to a typical LHC scale such as µ = 1 TeV, we find εD`S
εD`P
εD`T


(µ = 1 TeV)

=

 0.51 −0.0014 0.35

−0.0014 0.51 0.35

0.0031 0.0031 1.08


 εD`S
εD`P
εD`T


(µ = 2 GeV)

, (6.2)
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where one can see an important mixing between tensor and (pseudo)scalar, which is sim-

ply the result of having large coefficients in the corresponding entries of the electroweak

anomalous dimension matrix of eq. (2.8).

These results can be trivially used to run the bounds to the high scale:

εdeS
εdeP
εdeT
εseS
εseP
εseT
εsµS
εsµP
εdµT


=



7.4± 7.1

0.3± 2.8

1.1± 8.7

2.3± 6.5

3.1± 6.2

1.0± 1.9

0.0± 1.8

−0.2± 2.9

0.6± 5.6


× 10∧



−4

−4

−4

−3

−3

−2

−3

−3

−3


, (6.3)

in the MS scheme at µ = 1 TeV. The corresponding correlation matrix is given in ap-

pendix A. The mixing between operators produces larger diagonal errors for the pseu-

doscalar WC and induce very large non-diagonal entries. As explained before such large

correlations reflect the fact that certain WC combination are much more constrained than

the individual couplings.

With the values of the εi expressed at the high-energy scale, one can now translate them

into determinations of the WC of the SMEFT, that we will denote as αi. The (tree-level)

matching equations between the low-energy EFT and the SMEFT are [38]:

δGF
GF

= 2 [α̂
(3)
ϕl ]11+22 − [α̂

(1)
ll ]1221 − 2[α̂

(3)
ll ]1122− 1

2
(1221) ,

V1j · εj`L = 2V1j

[
α̂

(3)
ϕl

]
``

+ 2
[
V α̂(3)

ϕq

]
1j
− 2

[
V α̂

(3)
lq

]
``1j

,

V1j · εjR = − [α̂ϕϕ]1j ,

V1j · εj`sL = − [α̂lq]
∗
``j1 ,

V1j · εj`sR = −
[
V α̂†qde

]
``1j

,

V1j · εj`T = −
[
α̂tlq
]∗
``j1

, (6.4)

where we labeled the quark generations with numbers, and introduced, for simplicity,

εj`sL/R = (εj`S ± ε
j`
P )/2. In eqs. (6.4) the repeated indices j, ` are not summed over, while

the index m is. Finally let us also notice that 2α̂i = αi v
2/Λ2, with v = (

√
2GF )−1/2 '

246 GeV.

The matching equation for εDR shows clearly that this WC is lepton independent, cf.

eq. (2.3), at this order in the SMEFT expansion, since the corresponding operator is Oϕϕ =

i(ϕT εDµϕ)(ūγµd) + h.c.

Concerning the complementarity with collider searches, it is useful to notice the dif-

ference between chirality-conserving and -violating operators. On one hand, we have the

SMEFT Wilson Coefficients contributing to δGF and εj`L , and probed in our fit through
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∆CKM,∆
d
LP and ∆s

L, which conserve chirality. Their interference with the SM is not

suppressed in collider observables and an interesting interplay with LEP [114, 115] and

LHC [47, 116, 117] searches is expected.

On the other hand, the SMEFT Wilson Coefficients contributing to εdR, ε
s`
S , ε

s`
P and εs`T

are chirality-flipping, and thus they are not accessible by LEP searches at order v2/Λ2. In

the case of (pseudo)scalar and tensor operators, the LHC can still provide interesting limits,

thanks to the O(s2/v4) enhancement of the quadratic term (due to their contact-interaction

nature) [47, 116], as we will discuss in section 6.3. However, for εdR this is not the case, as

it is generated by non-standard W couplings to right-handed quarks. The (semi)leptonic

decays studied in this paper provide clearly a unique probe for these operators without

competitors in the collider frontier.

Finally, in the matching equations of eq. (6.4) we used the basis of operators employed

in ref. [38], which was a modified version of the seminal Buchmuller-Wyler basis [42] with

the relevant redundancies (and the addition of one missing operator) properly taken care

of.8 Additional redundancies in other sectors of the Buchmuller-Wyler basis (not relevant

for semileptonic quark decays) were later identified in ref. [113], where the first minimal

and complete SMEFT basis was derived. In the sector relevant for our work, this so-called

Warsaw basis is in fact very similar to the one of ref. [38] used in this work, up to some

numerical factors and conventions. In particular, in these bases the equations of motions

were not used to remove any operator containing fermions in favor of purely fermionic

operators, which would introduced some complications in our flavor general analysis.

6.2 MFV limit

Once again it is interesting to have a look at the U(3)5-symmetric limit, which is in practice

equivalent to the MFV case. In that limit we recover the result obtained in ref. [38], namely

∆CKM = 2
v2

Λ2

(
−α(3)

ϕl + α(3)
ϕq − α

(3)
`q + α

(3)
ll

)
. (6.5)

The bound on this combination of WC from (semi)leptonic hadron decays, ∆CKM = −(4.6±
5.2)×10−4, cf. eq. (5.11), corresponds to an effective scale Λ > 10 TeV (90%CL). As shown

in ref. [38], such bound is much stronger than the limit obtained from the combined analysis

of LEP and other EW precision observables. Thus, it is an important input for global EFT

fits performed in this limit [118, 119].9 Finally let us notice that this is even more the case

if a non-linear EFT framework is used, since more operators have to be considered [120].

6.3 Bounds on scalar and tensor interactions

If the new particles are too heavy to be produced on-shell at the LHC we can connect

collider searches with low-energy processes in an elegant model-independent way using the

8One redundancy was not eliminated on purpose (either O
(3)
ll or O

(1)
ll ), so that each operator is propor-

tional to the unit matrix in the U(3)5-symmetric case [38]. The Warsaw basis [113] chooses instead to keep

only the operator O
(1)
ll , which in the U(3)5-symmetric limit has two independent flavor contractions.

9Ref. [119] does not work in the U(3)5-symmetric case, but in a more restrictive scenario, since the two in-

dependent contractions of flavor indices allowed by the U(3)5 symmetry for the operator Q`` (corresponding

to α
(1)
ll and α

(3)
ll in our basis) are controlled by one single coefficients C`` in that work.
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SMEFT [47, 116]. Since we are interested in non-standard effects in semileptonic D-quark

decays, D → u`ν̄, the natural channel to study at the LHC is pp → ` + MET + X, since

this process is sensitive at tree level to non-standard ūD → `ν̄ partonic interactions. The

comparative analysis between the bounds from nuclear β decays and the LHC for WC

involving the d-quark was performed in refs. [47, 116]. The study was extended to the

hyperon β decays for the operators involving the s-quark in ref. [76], and we extend it

further here by comparing the LHC bounds and those obtained for εs`S,T from K`3.

First we briefly explain how the LHC bounds were obtained in refs. [47, 76, 116].

By using the matching relations in eqs. (6.4), one can express the cross-section σ(pp →
`+ MET +X) as is modified by non-standard ūs→ `ν̄ partonic interactions:

σ(mT>mT ) = σW + σS |εs`S |2 + σT |εs`T |2 , (6.6)

where σW (mT ) represents the SM contribution and σS,T (mT ) are new functions, with

transverse mass higher than mT , which explicit form can be found in ref. [116]. The crucial

feature is that they are several orders of magnitudes larger than the SM contribution, what

compensates for the smallness of the NP couplings and makes possible to put significant

bounds on them from these searches. Thus, comparing the observed events above mT with

the SM expectation we can set bounds on εs`S,T .

Some caveats are in order. First, it is important to note that the dependence of the

cross section (6.6) on the WC is quadratic. We assume that contributions from SMEFT

dimension-8 operators can be neglected, which is expected to happen for a broad class of

NP models (see e.g. ref. [121]). And secondly, this cross section is sensitive to a plethora of

other dimension-6 effective operators, some of them interfering with the SM, which make

possible the appearance of flat directions that we neglect here. It is worth stressing that

these assumptions were not necessary in the low-energy fit.

Using 20 fb−1 of data recorded at
√
s = 8 TeV by the CMS collaboration in the electron

channel pp→ e±+ MET +X [122], and choosing mT = 1.5 TeV, the 90% C.L. limit shown

in figure 4 (left panel) was obtained in ref. [76]. In particular, one event is found with a

transverse mass above mT = 1.5 TeV in the 20 fb−1 dataset recorded at
√
s = 8 TeV by the

CMS collaboration [122], in good agreement with the SM background of 2.02±0.26 events.

We repeat the same analysis here for the muonic channel pp → µ± + MET + X [122],

where good agreement is also observed between data (3 events above mT = 1.5 TeV) and

SM (2.35 ± 0.70 events), obtaining the bound shown in figure 4 (right panel). The terms

σS,T were calculated using the MSTW2008 PDF sets evaluated at Q2 = 1 TeV2 [123].

Further details can be found in ref. [116]. The running of the limits from 1 TeV to 2 GeV

is performed using the QCD+EW RGE, cf. eq. (6.2).

The figure shows also the limits obtained in ref. [76] from the RB1B2 ratio in eq. (3.26)

and the existing data in several semileptonic hyperon decays, and the limits obtained in

this work from the global analysis of D → u`ν̄ processes.

Figure 4 illustrates the interesting complementarity between low-energy experiments

and the LHC searches. While the LHC cross section is almost equally sensitive to both

electron and muon couplings, K`3(γ) is much more sensitive to the muon one, where the

interference with the SM is the dominant contribution. The figure illustrates quite clearly
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Figure 4. 90% CL constraints on εs`S,T from our global fit (blue solid ellipse), from the analysis of

pp→ `±+MET+X CMS data (black dashed ellipse) and from semileptonic hyperon decays (orange

dot-dashed lines) [76]. The left (right) panel corresponds to the electronic (muonic) couplings,

whereas the upper (lower) panel show the results at µ = 2 GeV (1 TeV). Effective scales are defined

by Λi ≈ (Vusεi)
−1/2v, see eqs. (6.4).

that semileptonic kaon decays are exploring new regions in the NP parameter space un-

accessible for the LHC and corresponding to 1-10 TeV effective scales. Finally, the lower

panel of figure 4 shows the same limits, this time at µ = 1 TeV, which might be more

interesting from a model-building perspective.

Needless to say, this interplay becomes much more interesting if a discrepancy with the

SM is found. This was illustrated in ref. [47] assuming the presence of a scalar resonance

at the LHC that, in our case, could be detected as a nonzero εs`S in K`3 (or a non-zero

pseudoscalar/tensor coupling due to the RGE mixing).
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7 Conclusions

In this paper we introduce a global model-independent analysis of NP in the D → u`ν

transitions (D = d, s; ` = e, µ) in the context of the SMEFT. We do not assume any flavor

symmetry and we keep all possible NP operators at the same time. Special attention is paid

to the (semi)leptonic kaon decays where such a comprehensive and systematic analysis of

NP was lacking, and we study the complementarity with pion decays and nuclear, neutron

and hyperon β decays. The latter become necessary since one can not discriminate among

all different possible NP effects using only pion and kaon decay observables. This is not

only relevant for the determination of |Ṽ e
ud| but also for singling out the effects of NP

contributions from right-handed currents. In this sense, future analyses would greatly

benefit from a better understanding of neutron and hyperon properties such as gA and g1.

Besides providing a road map for future tests of the SM using all these processes,

we provide numerical results of a fit using current experimental data and lattice QCD

results. Our analysis includes the MFV and the SM limit as a specific case. In fact our

output are not only the bounds on the various WC, but also the Vus and Vud elements, and

includes various QCD form factors parameters. In the SM limit we recover the most precise

determinations of them, with small improvements due to the inclusion of the individual

rate of Kµ2 as a separate input and the Callan-Treiman theorem.

We find that these decays are sensitive to NP with typical scales of several TeV,

especially in the case of a pseudoscalar contribution to P±e2 (P = K, π), which is ruled out

up to scales as high as O(100) TeV. To make this connection to the high-energy scale more

explicit, we properly accounted for the operator running and mixing under the QCD and

EW interactions, we expressed the low-energy bounds in the context of the SMEFT and

provided their value at 1 TeV. Our results can then be matched straightforwardly to any

specific NP model. Very large correlations appear between different WC, which should have

non-trivial implications for the chosen model. Finally, as illustrated with a few simple cases

in this work, the matching with the SMEFT opens the possibility for powerful synergies

between these decays and searches of NP at the LHC.

Acknowledgments

The authors thank L. Alvarez-Ruso, V. Cirigliano, J. C. Hardy, V. Lubicz, M. Moulson,

A. Pich, J. Portolés, I. C. Towner, M. Vicente Vacas, F. Wauters, and O. Yushchenko for

useful discussions and correspondence. We would also like to acknowledge the Institute

for Nuclear Theory (INT) and the Mainz Institute for Theoretical Physics (MITP) for

enabling us to complete a significant portion of this work. M.G.-A. is grateful to the

LABEX Lyon Institute of Origins (ANR-10-LABX-0066) of the Université de Lyon for
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A WC bounds at µ = 1 TeV



Ṽ e
ud

∆CKM

∆s
L

εdeL − ε
dµ
L + 0.22εdµS + 47εdµP − 15εdµT

εdR
εsR
εdeS
εdeP
εdeT
εseS
εseP
εseT
εsµS
εsµP
εsµT



=



0.97451± 0.00038

−1.2± 8.4

1.0± 2.5

1.9± 3.8

−1.3± 1.7

0.1± 5.0

7.4± 7.1

0.3± 2.8

1.1± 8.7

2.3± 6.5

3.1± 6.2

1.0± 1.9

0.0± 1.8

−0.2± 2.9

0.6± 5.6



× 10∧



0

−4

−3

−2

−2

−2

−4

−4

−4

−3

−3

−2

−3

−3

−3



, (A.1)

in the MS scheme at µ = 1 TeV. Let us remind the reader that ∆s
L = εsµL − εseL . The

correlation matrix is given by:

ρ =



1. 0.88 0. 0.01 0. 0. 0.76 −0.01 0. 0. 0. 0. 0. 0. 0.

− 1. −0.07 0.01 0. 0. 0.67 0. 0. 0. 0. 0. −0.02 0.01 0.

− − 1. 0. 0. 0. 0. 0. 0. 0. 0. 0. 0.45 0.3 0.46

− − − 1. −0.87 0. 0.01 0.01 0. 0. 0. 0. 0.01 0.07 0.

− − − − 1. 0. 0. −0.01 0. 0. 0. 0. 0. 0. 0.

− − − − − 1. 0. 0. 0. 0. 0. 0. 0. −0.75 0.

− − − − − − 1. 0.38 0.39 0. 0. 0. 0. 0. 0.

− − − − − − − 1. 0.9998 0. 0. 0. 0. 0. 0.

− − − − − − − − 1. 0. 0. 0. 0. 0. 0.

− − − − − − − − − 1. 0.96 0.97 0. 0. 0.

− − − − − − − − − − 1. 0.999998 0. 0. 0.

− − − − − − − − − − − 1. 0. 0. 0.

− − − − − − − − − − − − 1. 0.63 0.99

− − − − − − − − − − − − − 1. 0.64

− − − − − − − − − − − − − − 1.



. (A.2)
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